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Abstract: In this paper, a set of shape parameters for cubic BCzier interpolating curves are derived. Then, based on 
these parameters, the necessary and sufficient conditions for Bezier interpolations to be shape preserving are given. By 
applying these conditions, a constructive algorithm which will automatically generate shape preserving interpolating 
curves is developed. The behavior of shape parameters which can be used for design purpose are explored. The natural 
bias approach proposed by Fletcher and McAllister (1986) is compared with our new method. 
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Introduction 
Generating an interpolating curve that faithfully describes the shape implied by a given set of 
ordered points has long been an aim in the field of curve interpolation. But the measure of shape 
fidelity is rather vague, it is usually judged by human’s “ visual content”. The classical numerical 
methods such as Lagrange and Hermite polynomial interpolations [1,18] can be applied to this 
problem. Unfortunately, these methods are apt to generate unexpected oscillations that will ruin 
the shape of curves. One way to minimize oscillations is to stitch lower degree curve segments to 
successive data points smoothly. For example, the interpolation by cubic splines [8,16] is a 
typical one. It is known that these splines may still produce extraneous inflection points that will 
make the curve visually unpleasant. However, by the recent development of automatic generation 
of shape preserving curves [9,11,12,14] it seems that the extraneous oscillations can be controlled 
to satisfy the human’s aesthetic requirement. Among these methods, Fletcher and McAllister [9] 
have proposed the natural bias approach to achieve the shape preserving effect. Following the 
lines indicated by Barsky and Beatty [2], they obtained the extra shape control parameter by 
sacrificing continuity of the parameter and maintaining only unit tangent vector continuity. 
Their method was based on composite Hermite curves and used the Catmull and Rom method 
[7] to compute initial tangents. The shape control parameters were shown to be related to the 
length of each tangent vector. Therefore, by resealing the length of each tangent vector we can 
have the desired interpolation curve. The curves generated by this method are satisfactory as far 
as the shape preserving is concerned. 
It is known that the BCzier formulation has many advantages over Her-mite’s approach, for 
example, the shape of the curve is well related to the BCzier control points and there exists a 
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simple and efficient geometric subdivision algorithm [13] for generating BCzier curves. Harada et 
al. [11,12] have proposed segmented BCzier interpolants. But their method is rather complicated 
and involves polynomials of degree 2n (n >, 2). In this paper, we will study the shape preserving 
interpolation based upon cubic BCzier segments. First, the necessary and sufficient conditions for 
cubic interpolating BCzier curves to be shape preserving will be derived. Then the natural bias 
approach is shown to be only one of the sufficient conditions for the curve to be shape 
preserving. We will also introduce a new automatic shape preserving interpolation based on 
computing BCzier points instead of tangent vectors. Several examples will also be given to 
demonstrate the quality of the proposed method. It shows that our method is simple, direct and 
easy to be implemented. 
1. Piecewise interpolating BCzier curves 
A cubic Bezier curve [3] may be defined by the following equation: 
+> = (1 - U)3’o + 3241 - U)2’i + 3U2(1 - U)Y2 + U3Y3, (1) 
0 < u < 1, here ro, r,, r, and r3 are BCzier points and the polygon formed by ro, rI, r, and r3 is 
called BCzier polygon. We will refer to r, and r2 as interior BCzier points and to r, and r, as 
boundary BCzier points. From (l), the following results can be easily derived: 
r(O) = r,, 
r(l) = r3, 
r’(0) = 3( r, - ro), 
r’(1) = 3(r3 - r2), 
(2) 
where r’(u) denotes the first derivative of r(u) with respect to the parameter U. Thus, the BCzier 
curve passes through its boundary BCzier points. Moreover, the tangent directions at boundary 
BCzier points have the same directions as vectors z and z, respectively. Since the boundary 
BCzier points are fixed, the curve is influenced by its interior BCzier points which provide an 
intuitive means for varying the shape of the curve [8]. 
The interpolation problem is formulated as follows. Given a set of ordered points { p, 10 <j G 
n }, find the set of interior BCzier points { r{, r{ 10 <j < n - l} such that the composite BCzier 
curve is a smooth curve through the given input points. Here, the jth curve segment is denoted 
by index j. According to the above formulation, the boundary BCzier points r& and r;’ are equal 
to input points pj and P,+~, respectively. For smoothness, we require that the interpolating curve 
maintains at least slope continuity [8], that is, adjacent curve segments have the same tangent 
direction at the points pj (1 cj < n). 
2. Definition of shape preserving interpolation 
Before proceeding, we first introduce some preliminary definitions. A plane parametrized 
differentiable curve segment r(u), 0 < u < 1, is said to be regular if all of r’(u) # 0. The curve 
r(u) is simple if it has no further self-intersection except possibly at end points, that is, it is a 
one-to-one continuous mapping from [O,l) to the plane R2. A regular plane curve segment r(u) 
is convex if for all U, 0 < u < 1, the image of r(u) lies entirely on one side of the closed 
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half-plane determined by the tangent line at u. Accordingly, it can be proved that a plane curve 
is convex if and only if it is simple and can be oriented so that its curvature is positive or zero [6]. 
This means that the curvature of each point in the curve segment does not change sign. A 
differentiable curve segment is an inflective one if it has an inflection point. It is known that an 
inflective curve segment can be partitioned into two different portions with opposite sign of 
curvature. Finally, it is trivial that a curve segment is a straight line segment if the curvature is 
zero everywhere. 
Now, we are ready to give the definition of shape preserving interpolating curves. Since we 
require the unit tangent continuity at each joint point, we only concern the direction of the 
tangent. Let v be a nonzero vector. We define the direction of v to be a unit vector 
arg( v) = u/l 21 I. Let tangent vector tl at the interpolapg point,pj be chosen such that 
arg(tj) E Arg(pj_i, pi, P,+~) = {arg(v), U= (1 - 6,)pj_,pj + Gjpjpj+,}; then a smooth inter- 
polating curve is said to be shape preserving if each curve segment j is constructed in the 
following way: 
- The curve segment j is a convex one if vectors G X 5 and px X shave 
same directions and both are not null vectors. 
_ The curve segment j is an inflective one if vectors G X px and G X G 
have different directions and both are not null vectors. 
_ The curve segment j is a straight one if either ZX px or px x pz is a 
null vector. 
We note that the constraint arg(t,) E Arg(p,_,, pj, P,+~) for tangent vector tj is to maintain 
both slope continuity and local shape preserving at pj, 1 -cj < n, in a sense that pj cannot be an 
inflection point of the interpolation curve. 
From the above definition, the shape of curve segment j is implied by four consecutive 
interpolating points. Intuitively speaking, the shape preserving condition requires the turning 
behavior of an interpolating curve to accord with its control polygon. 
3. Necessary and sufficient shape preserving conditions 
In this section, we will derive the necessary and sufficient conditions for cubic BCzier 
interpolants to be shape preserving. Since the shape classification of cubic interpolating curves 
with respect to special Hermite boundary conditions has been studied by Wang [19] and Forrest 
[lo] and the conversion between Hermite and BCzier interpolations is rather simple, we can 
proceed our study based on these known results. 
Consider a cubic curve, x = x(u), y = y( u), with its end points m, = (0, 0) and m, = (1, 0) 
and tangent vectors G and m1u2, respectively. Let m be the intersection of these two tangent 
lines. Then 
and, 
x(0) = 0, Y(O) = 0, 
X(1) = 1, Y(I) = 0, 
(3) 
where p and Y are real numbers. If we partition the (p, v)-plane into regions C,, 1 G i < 4, and 
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Fig. 1. Convex and inflective regions. 
s,, 1 < i < 4, by lines p = 0, v = 0, p = 3 and v = 3 (Fig. l), then, according to [19], we have the 
following shape classification theorem. 
Theorem 1. The curve is convex if (p, v) E C, U C, and the curve has a single inflection point if 
(p,v) E S, u S,. Moreover, C,, 1 < i < 4, are the only possible regions for the curve to be convex 
and S,, 1 6 i < 4, are the only possible regions for the curve to have a single inflection point. 
It is easy to see that the previous interpolating curve is a cubic Bezier curve with respect to the 
Bezier polygon formed by the points s0 = (0, 0), si = :G+ sO, s2 = s3 - :Gand sj = (1, 0). 
In order to classify the shape of an arbitrary cubic BCzier curve with BCzier points rO, ri, r, and 
r3, the given BCzier curve is transformed into the above special form. This transformation is 
performed in the following manner. First, translate the origin to rO. Then, rotate the x-coordinate 
to coincide with the linez Finally, scale the BCzier polygon with l/L, where L is the distance 
between points r, and r,. This transformation is performed by a translation followed by a linear 
transformation. The determinant of this linear transformation matrix is: 
A= (5) 
where 0 is the angle between the x-coordinate and the line z Because A is positive, this 
transformation is an affine transformation and an affine transformation will not change the sign 
of curvature [17]. Thus, the shape characteristics of the given BCzier curve are invariant under the 
transformation. 
Let si be the image of r;, 0 < i < 3, of the affine transformation. Let Y be the intersection 
point of lines z and x Then by the nature of affine transformation the image of Y is mapped 
into the intersection point s of lines s,s; and z. Clearly, we have: 
Iwi I I SOS1 I lmoa1 I _ p 
a=Iror(=m=p-- 3jm,ml 3’ 
p= Iwl Ivzl Im,a,l v =-----= 
IV-1 Iv1 3)mm,I =3. 
(6) 
Since the interior BCzier points are determined by the corresponding (Y and p, we will call (Y and 
p shape parameters. From equation (6) and Theorem 1, the following results can easily be 
derived. 
Theorem 2 (The 
cu < 0 and p < 0, 
J.H. Lee, S.N. Yang / Interpolating Bt!zier curves 273 
convex theorem). The curve segment is a convex one if either 0 < (Y, p < 1 or 
where (Y and /3 are shape parameters given in equation (6). 
Theorem 3 (The inflective theorem). The curve segment is an inj7ective one if either 0 -C a < 1 and 
p -C 0 or (Y < 0 and 0 < /3 < 1, where CY and /3 are shape parameters given in equation (6). 
The above theorems describe the shape characteristics of each Bezier segment. If we assume 
certain constraints for interior BCzier points and take the whole interpolation into account, we 
have the following theorem. 
Theorem 4 (The shape preserving theorem). Suppose the interior BPzier points r/ and r;’ for each 
curve segment j are given and satisfy arg( rj - rd) E Arg( p,_ 1, pJ, pj+ 1) and arg( r. - r,‘) E 
Arg( pj, pj+l, P~+~); then the interpolating curve is shape preserving ijj the shape parameters of 
each Bkzier curve segment satisfy either the convex theorem or the inflective theorem. 
Proof. The sufficient condition is a direct result of Theorems 2 and 3. For the necessary 
condition, we first assume the curve segment to be convex. From the definition of shape 
preserving we have that pj_ 1 and pj+ 2 should be on the same halfplane with respect to the line 
J 
IaJaSO and 8~1 lblOsia,i?I1 
(ala60 and 860 Idla>l and 8IO 
Fig. 2. Convex cases of BCz.ier curves. 
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x denoted by ( P]-~ -p,+*) for simplicity. According to Theorem 1, the only candidate 
regions for convexity are C,, C,, C, and C,. If we can eliminate the cases C, and C,, the desired 
condition follows. Fig. 2 shows different types of convex cases. w l l 
Now suppose aj G 0 and pj > 1 and I-’ is the intersection of p,q and r2jpj+l (see Fig. 2(a)). 
Then the condition CX~ G 0 implies -( ri - &) which means r{ and ri are not on the same 
halfplane with respect to ‘p,pj+T, and ,pj > 1 will imply (rd - rj). Since the choice of tangent 
vectors will force -( r( - P~_~) and -,( ri - pjt2), therefore we have ( ri - P~_~) and -,( rJ - P~+~). 
That is, -( P,-_~ -P~+~) which contradicts that the curve segment is convex. Similarly, we can 
eliminate the ‘yi > 1 and pj d 0 case to obtain our result. For the inflective case, by definition we 
have 7(pj,l - P~+~). If aj > 0 and pi > 1, then (r{ - rj) and (r,’ - d). From the fact that 
7(pj_1 - ri) and ~(pj+2 - r,‘), we have _(pj_l - rj) and ~(Pj+2 - d), that is, (Pj-l -Pj+z) 
which is a contradiction. Similarly we can eliminate the case CX~ > 1 and pj > 0. Therefore from 
Theorem 1, we have the necessary condition for the curve to be inflective. •I 
4. The shape preserving procedure 
Now, based upon the shape preserving theorem, the procedure to automatically generate shape 
preserving curves can be developed. 
Algorithm 1. The shape preserving procedure. 
Step 1. Determine the tangent vector tj at each interpolating point pi. 
Step 2. Compute the interior BCzier points r/ and rd according to the tangent vectors of 
Step 1. 
Step 3. Calculate each aj and bj which are discussed in equation (6). 
Step 4. According to Theorems 2 and 3, adjust aj and pj within shape preserving ranges, 
if necessary. Then generate curve segments. 
For Step 1, various schemes have been developed for local tangents determination [5]. A lot of 
methods used the following heuristic form: 
tj=(l-sj)p~+Gj~, O<Sj<l. (7) 
We may use Piegl’s approach [15] by choosing 8, = Zj/( lj + rj), where 1, = ]s x pzl 
and YJ= I~xpl,lp/,;l. It is important to note that when both lj and r/ are zero, fJ 
becomes undefined. In this case, tj is defined by tj = i@z + G), if p,_,pj_T and pj_Ipj 
are collinear and s 
l * l 
and~~+ip~,~ are collinear. When all the vectors~~_~p~_~, G, pJpj+l 
and mare collinear, we define tj = s 
After each tangent vector has been determined, the interior BCzier points of Step 2 can be 
determined by: 
ri = +tj +pj, ri =pj+l - ftj+l. (8) 
Figure 3 demonstrates an example of the interpolating curve that follows the above process. 
Note that there are extraneous oscillations in the interpolant. 
The detection of extraneous oscillations can be done easily. For a curve segment, if the 
corresponding shape parameters cllj and Pi do not fall in the ranges specified by the convex or 
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Fig. 3. An interpolating curve. Fig. 4. An interpolating curve with no extraneous 
oscillation. 
inflective theorems exclusively, then extraneous oscillations will occur. Since the shape of the 
curve segments is implied by its interpolating points, we may relocate the interior BCzier points 
using Theorem 2 or Theorem 3 to achieve the desired shape. Figure 4 gives an example that the 
extraneous oscillations in Fig. 3 are eliminated by relocating their corresponding interior BCzier 
points within the ranges of convex and inflective theorems. In this example the interior BCzier 
points are relocated to locations where aj = pj = i. 
5. A direct shape preserving algorithm 
The shape preserving procedure discussed in the previous section requires us to determine 
each tangent at the interpolating points first. Then, the interior BCzier points are found and 
adjusted to produce shape preserving curves. By slight modification of the Catmull and Rom 
method, we can avoid introducing the notion of tangents and compute the desired Bezier points 
directly according to its interpolating points. We will show this method in the following. 
First, according to the input interpolating points, each curve segment can be characterized 
locally as convex, inflective or straight by the definition of shape preserving. Then for the convex .Z t 
case, the intersection point wJ of lines pj_ ,p,+ 1 and= is computed. And the interior BCzier 
points r{ and r/ can be obtained by either specifying r{ = pi + y,( pj+l - wJ) and r-j = pj,l + 
qi(pi- wj), if (wj- ~,+~)(seeFig. 5(a)) or r{=pj+yi(wj-pi+l) and rj=p,+, +r];(wj-p,), 
if 7(w’ -pJ+z) (see Fig. 5(b)), 0 G yj, qj 6 1. ” ” ’ 
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Fig. 5. The convex cases. 
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(al 
PI +2 
Fig. 6. The inflective cases. 
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Fig. 7. A shape preserving curve. Fig. 8. An inflective case. 
For the inflective case, compute qj-1 =p, + ( pj -P~_~) and qj+* ‘pi+1 + ( pj+l -pjt2) first. 
The intersected point tJ of lines bi-IPi+; and pi and the intersection point sj of lines 
m and b, are computed. Then, the interior BCzier points rj and rj can be obtained 
by either specifying r{ =p, + vj(pj+l - s’) and r/ =P~+~ + qj( p, - tj), if ,(tj - sj) (see Fig. 
6(a)) 
or r{=pj+Yj(s’-pj+l) and r,‘=pj+, +qj(pj- t’), if (tj-s”) and (si-pjt2) (see Fig. 6(b)) 
or r:‘=p,+y,(p,+i-sj) and r,/=pj+, +~J(tl--pj)y if (ti-si) and (~‘-p~_~) (see Fig. 6(c)), 
O i Yj, qj < lo 
Finally, in the straight line case, the interior BCzier points can be obtained simply by specified 
r{ = i(2pj +P,+~) and r;‘= f(pj + 2p,+,). Figure 7 gives an example of a shape preserving 
curve generated by this direct algorithm with yj = q, = 0.5. 
The correctness of the algorithm can be proved by showing that the shape parameters satisfy 
the conditions of Theorems 2 and 3. Since the convex case is trivial, we only have to show the 
inflective case. 
First we assume ( wi - P,_~) where wJ is the intersection of m and K (see Fig. 8). 
Then it implies ( ri - P~+~), where rj 
- 4 * 
is the intersection of p,r( and ri’p,, 1. Since T( rj - pj_ 1) 
and 7(ri - P~+~) we have (r/ - r’) and -,(rj - rj), that is CX, > 0 and bj < 0. Furthermore it can 
be shown that qj+2 is in the intersection of two half-planes determined by b,p,,; and G, 
respectively. Then the slope of b, is between the slope of s and the slope of 
+--+‘ 
c + 
TPJ+2= Pjw . Hence Pj qjj+2 w f~ P~+~w’# 0, that is aj < 1 and the curve is inflective by Theorem 
For the case (WI - P~+~), we can show aj < 0 and 0 < pj < 1 in a similar way and therefore the 
curve is inflective. 
6. Shape control with the interpolating BCzier curves 
To use interpolation as curve design has become popular [4]. For interpolating curves, shape 
parameters offer a good way to vary curve’s shape. In our direct shape preserving method, each 
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I (dIq=0.1,q,=0.1 
(blt,=0.3.qj=0.S mj=0.3.9,=0.3 
(aIf =:-0.6,~ =0.3 
i I lf17 =0.5.q 30.5 J I 
Fig. 11. Curves with different y, and qj. 
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y, and q7j can be served as shape parameters which can be adjusted locally. If y, is increased and 
nj is decreased or vice versa, the curve will be biased accordingly. This effect is called bias. If 
both of yj and nj are increased or decreased, the curve will be loosened or tightened accordingly. 
This effect is called tension. The bias effect is demonstrated in Fig. 9 in which y, = 1 and 
nj = 0.5. Here, the data points of Fig. 7 are used. Figure 10 gives an example that tension is 
applied to each curve segment where y, = vi = 0.25. Figure 11 gives an example of curves with 
different yj and vi. 
7. Discussion 
So far we have introduced a BCzier version of shape preserving interpolation. Some advantages 
of BCzier formulation have been discussed in the first section. And the natural bias approach [9] 
to shape preserving curves is known to be a Hermite interpolation. In natural bias approach, 
each tangent vector t, is computed by using the method proposed by Catmull and Rom [7], that 
is 
tj = +(Pj+l -Pj). (9) 
They showed that for each segment if the tangent vectors fj and t,+i are resealed to be titj and 
“tj+ 1 respectively and satisfy 
cdtj + 7Ttj+1 ‘Pj+l -Pj, (10) 
where w and 7~ are real numbers, then the Hermite interpolation will be shape preserving. Since 
each new tangent vector can be multiplied by a common factor 7, 0 < r < 3, without losing the 
property of shape preserving, r can be regarded as a shape parameter. By varying 7, the 
corresponding curve will display tension variations [9]. 
From the above discussion, the following observations can be easily obtained. 
- Equation (9) is a special case of equation (7), that is, for every segment it always chooses 
Sj = i. If more than two interpolating points are collinear, then this approach will lose the 
tangent vector continuity, see Fig. 12(a). However, the tangent vector continuity is still 
retained by using Algorithm 1, see Fig. 12(b). 
- For convex segments, equation (10) is equivalent to relocating each interior Bezier point to 
the position with LYE = pj = 4, which is just a point in the whole feasible region q. = 
{(cuj, Pi) lo 6 “j, ,8, < l}. The effect of the uniform tension parameter 7, 0 G 7 G 3, can be 
obtained by setting IX, = /3] = fr. 
Since the curves generated by Algorithm 1 satisfy roj+i = r/ and (r{” - rd”) = X(r;’ - P/), 
where h is a scalar value. We can achieve a shape preserving interpolation with Cl-continuity by 
choosing the common tangent tj such that 1 tj 1 = min( ) r/+l - rd+’ 1, ( rj+l- r/+l I). 
C-I-l CL-- 
Fig. 12. Curves have straight line segments. 
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8. Concluding remarks 
The idea of shape preserving interpolation is intuitively simple but its formulation is not 
trivial. In this paper we try to give a formal definition for a smooth shape preserving 
interpolation and derive a set of shape parameters for cubic BCzier interpolating curves. Then 
based on these parameters, the necessary and sufficient shape preserving conditions for BCzier 
interpolations are provided. These conditions can be used to develop algorithms which will 
automatically construct shape preserving interpolations. A direct algorithm for generating shape 
preserving curves is proposed and examples are given to demonstrate the quality of this 
interpolation. Shape parameters which can be used for altering curve’s shape are also explored. 
Finally, the natural bias approach proposed by Fletcher and MacAllister [9] is compared with 
our new method. 
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